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2020 
Q1 
a) Velocity and constant acceleration 


The time taken to accelerate to a velocity at constant acceleration is given by 


v = v + at 
We need to convert to SI units 
SD Oe Bipinde 
2,600 s 
Then we have 
D = v + at 


The elevator starts from rest so vo = 0 
6.11 = 0 + (0.3(9.81))t 


6.11 


Bee 74 
0.3(9.81) S à 
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b) Time and constant acceleration 


There are three stages to the motion 


e 1 accelerating to top speed 
e 2moving at constant speed 
e 3decelerating from top speed down to rest 


Stages 1 and 3 take the same amount of time, which we already found in part a) 
ti = t3 = 2.07 S 


The distance covered in this step is 


1 
As = vot + z 


1 
=0+ z (0-3(9.81))2.07)? 


=6.31m 


So the distance in the first and third step is 
As, = As, = 6.31 
The remaining distance is then found from 
346 = As, + As; + As3 
346 = 6.31 + As, + 6.31 
As, = 333.38 m 
The time taken to cover this distance at the constant speed is 


distance 8 333.38 


= —— = 54.46 
speed 6.11 g 


t, = time = 


So the total time taken is 


t=t, +t) + t; = 2.07 + 54.56 + 2.07 = 58.6 s 
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Q2 


a Polar co-ordinates, velocity components 


First we find the current r and 8 
r= [re +77 = ¥5202 + 350? = 626.8 m 


r, 350 
0 = tan“! (2) = tan”! (=) = 33.9° 
Ty 520 
So the polar axes are at this angle: u, is at 33.9° to the horizontal, and wg is 
perpendicular to that 


We must convert the plane velocity to SI units of m/s 


1000 m 
v = 520 km/hr = 520 Ne 


36005 = 144.4 m/s 


Breaking this up into the new axes, we find 
v, = v cos 0 = 144.4 cos 33.9 = 119.8 m/s 
Vg = —v sin 0 = —144.4 sin 33.9 = —80.54 m/s 
(NOTE: minor differences can happen if you use a computer to calculate everything in 
one step without significant digits) 


b) Polar co-ordinates, dot terms 


We find the dotted terms by comparing the velocity with the equation for velocity 
V = V Ur + Veug 
= tu, + rÅug 
So by comparing components we see 


u, components 
Vr =t 


t = v, = 119.8 m/s 
ug components 
vg = rÅ 


ENEE rad/s 


r 626.8 
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c) normal-tangential, acceleration components 


We know the plane is moving horizontally to the right, so the tangential direction is 
horizontal to the right. 


The plane is at the bottom of a circular turn, so the center of the turn is directly above it, 
the normal direction is upwards. 


The plane is speeding up so this gives the tangential acceleration, which we must 
convert into SI units 


km 1000 m 


= 12.6 —— = Leg = 3.5 S 
a min? (60 s)? ms 
The plane is turning so the normal acceleration towards the center of the circle is given 


by 
an SC 


We are given the turn radius, p = 2.5 km = 2,500 m 


_ (144.4)? 


an = -2500 = 8.34 m/s? 
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2017 (Winter) 
Qi 
a) POLAR CO-ORDINATES 


The particle is located at (8,3) with velocity v = —2m/si 


We need to break the velocity up along the polar axes. The angle of u,. is given by 
tan 0 = S 
ang = g 


0 = 20.56° to the x — axis 


The angle of ug is perpendicular to that, at 20.56° to the right of the y — axis 


We can now break the velocity up along those axes. Sometimes people find it easier to 
draw it tilted. 
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So we have 
v=-2i 
= —2 cos 20.56 u, + 2 sin 20.56 ug 
= —1.8726u, + 0.7024ug 
x —1.87 u, + 0.70 ug m/s 


b RELATIVE MOTION 


The velocities of M and E are linked. 


The velocity of a pulley is the average of the two ropes pulling over it. 


Since some ropes are not connected directly to blocks or the center of pulleys, we label 
those points P and Q. 


So looking at A 


VE + Vp 
Va = 2 
But A is fixed by the rope to its left, so 
VE + Vp 
0= 
2 
Vp = —VE 


Looking at B, the lower rope is attached directly to the wall 
ER (vp + Vwau) 
j 2 
Up 
2 


Vg = 
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Va = ER 


Then move on to C 


but C is connected directly to E, so we have 


D 
pee 


And finally move down to D 
Vo + Vy 
Vp = — 
But D is connected directly to the wall, so 
_ vo + C2) 
"Te 2 
0 = Do = 2 
Do = 2 
and we have 
2 
Vg = 5 (2) 
= 0.8 m/s 
This is in the positive x direction 
vg = 0.8im/s 
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c) EQUATIONS OF MOTION (integral) 


We are given 


x 
a= ca de i 


We have a in terms of x and are asked about v so we use 
adx = vdv 


We integrate from the starting values of x = 8, v = —2 to the final values of x,v = +2.3 


E Gene wi 
Es G cl S GJ 


1 1 1 1 
ne EN = [523-3 =, d 
Leen 100 2 3-2) 


pags 0.64 = 0.645 
ven? 64 = 0. 


x = 11.336 m/s 
x 11.3m 


The y position does not change so the final position is (11.3, 3) 


10 
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Q2 
a) EQUATIONS OF MOTION (constant acceleration) 
First we find the velocity in rectangular co-ords and then convert it. 


We are given a constant acceleration of a = 19.6 m/s? so we can use the equations of 
motion. We are asked for velocity at a new position, not time, so it’s fastest to use 


v? = vf + 2aAx 
The particle starts from rest so vo = 0 m/s 
v? = 0 + 2(19.6)(0 — (—3)) 
v = 10.844 m/si 


At location B, the radial unit vector u, points straight up, and ue is at right angles to it 


fu, 


ei 
qe 
Ug 


d 


so our velocity is 
v = —10.844 m/s ug 


= —10.8 m/s ug 


11 


©Prep101 MIE 100 Quiz Supplement Solutions 2017 (Winter) Q2 b 


b POLAR CO-ORDINATES 
We are asked for # and 6. 
The particle is moving in a circular path, so the radius is constant 
r=35 Esc Gech 
Now we must find Ë. This appears in the acceleration equation 
a = (#—1r67)u, + (rË + 276)ug 
so we must find the acceleration. 


The particle is moving through a circular path, and so will be moving at a tangent to the 
curve, directly down, at point C. We know it accelerates at 19.6 m/s? in the direction 


2 2 
that it’s moving, and that there will be centripetal acceleration a, = = = = towards the 


center of the circle, so we have 


The polar axes are 


so we know 


a= 


— 19.6 ug 


SEU 
a = (#—1r67)u, + (rË + 276)ug 


12 
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Equating the ug components, because that’s what contains d 
—19.6 = rË + 276 
—19.6 = 3.56 + 2(0) 
—19.6 = 3.50 


6 = —5.6 rad/s? 


2017 (Winter) Q2 b 
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c) NORMAL-TANGENTIAL CO-ORDINATES 

We have already found the acceleration at point C is 
2 

ER 


At this point the tangential direction is the direction of motion, the tangent to the circle 
straight down. The normal direction is towards the center of the circle, to the left 


a= i — 19.6 j m/s? 


so we have 


X 2 
a = 19.6 u; + ze ln m/s 


Now we need the velocity at point C. We know the velocity at B was vg = 10.844 m/s, 
and the particle is still acceleration constantly, so we can use 


Vc = Vg + 2aAs 


The distance between B and C is a quarter of a circle, 


1 
As = i (2rr) 


1 
= SE 


so we have 
i 1 
vz = 10.8442 + 2(19.6) EE 


Ve = 18.248 m/s 
and we have 


(18.248)? 
3.5 


= 19.6 u, + 95.140 u, m/s? 
a = 19.6 us +95.1 u,m/s? 


a = 19.6 u; + un m/s? 
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d) POLAR CO-ORDS + EQUATION OF MOTION (constant acceleration) 


First we must find where the particle is at t = 1.1 s. It will have travelled 


1 
AS = vot + zt 


=0+ Oe Ae 


= 11.858 m 
First it travels 3 m from A to B, leaving 
11.858 — 3 = 8.858 m 


The total distance around the semi-circle is 


semicircle = znr 


= 7(3.5) 
= 10.990 m 


so the particle does not make it all the way around the semicircle, it is still on the 
semicircle. So now we know its radial co-ordinate 


r=3.5m 


To find the angle we need to know where on the semicircle it is. It travels a distance 
around the circle 


L=rġ 
8.858 = 3.5 
gd = 2.531 rad 
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So the angle 6 is 
TT 
lol =- J 
E 5 = 0.961 


This is below the horizontal, so the angle is negative 
6 = —0.961 rad 


2017 (Winter) Q2 d 
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2016 (Winter) 
Q1 


a) RECTANGULAR CO-ORDINATES (circular motion) 


B is moving around a circle so the velocity vector will be a tangent to the circle. The 
tangent is perpendicular to the radius. The radius is 30° to the horizontal, so the tangent 
will be 30° to the vertical and so 


90 — 30 = 60° 


to the horizontal. 


The unit vector for this is then 
Up = 1(— cos 60 i — sin 60 j) 
= —0.5i — 0.8660j 
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b POLAR CO-ORDINATES 
We are asked to find 6 and 6, so we will be looking at the polar equations. 
We find ô from the polar velocity equation 

v=ru,+réug 


B is moving in a circle so 


r=40m 
r=0 
ř=0 


B is moving with a speed of 2t, so the vector is 
Vp = 2t Up 


We could use the answer from a) to break that up into i and j, but we have no reason to 
do that. 


B is moving around a circle, so it is entirely moving as a tangent to the circle. Looking at 
the polar unit vectors 


We see it is moving entirely in the minus ug direction 
Vg = —2tug 
Equating that to the polar equation 
v=ru,+r0ug 


v = 0 + 406ug 


18 
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Equating the ug components we have 


—2t = 400 


Att = 3 s we have 


d= a8) 
20 
ô = —0.15 rad/s 

We find 6 from the acceleration equation 

a = (7#—r6?)u, + (rÖ + 270)ug 
which becomes at 

a = (0 — 4067)u, + (406 + 0)up 
We only care about the ug term to find 6 


Now we find the particle’s acceleration. 


2016 (Winter) Q1 b 


We know it has a centripetal acceleration, but this is in the radial direction so we don’t 


need it. 
It will also accelerate in the tangential direction, given by 
Kees dv 
dt 
= Z 21) 
= 2 m/s? 
In the radial co-ordinates, this is 
a = —2uo 
Equating ug components with the formula, we get 


406 = -2 


= —0.05 rad /s? 


19 
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c) NORMAL-TANGENTIAL CO-ORDINATES 


The normal acceleration is the centripetal acceleration, given for particle A by 


2 
la,| = 


EE 
A0 
25t? 
~ Ap 

St 


The tangential acceleration is 


So the two equal at 


t? =8 
t = 2.8284 s 
t~2.83s 


2016 (Winter) Q1 c 
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d RELATIVE MOTION or EQUATIONS OF MOTION (integral 


The particles collide when they have together moved the total distance between them. 


There are multiple ways to calculate this. One is to find the relative speed of A with 


respect to B along the circular path, which is 
V4/B = Va — VB 
= 5t — (-2t) 
=7t 


And so the distance covered in a time t is given by 


_ ds 
ee Tt 
vdt = ds 


[3.5¢? — 3.5(0)?] = [s — 0] 
s = 3.56" 
This most cover the path between A and B. This distance is given by 
Eed 
where dh is the angle between them in radians. Looking at the diagram we have 


$ = 180 — 30 = 150° 
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And the distance is 
s = 40(2.6167) 
= 104.67 m 
and so the time taken is 
s = 3.52 
104.67 = 3.5t? 
t = 5.4686 s 
t x 5.47 S 


2016 (Winter) Q1 d 
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Q2 
a) PROJECTILE MOTION 
First we break up the launch velocity into components 
Vox = Vo cos 0 = 57 cos 60 = 28.500 m/s 
Voy = Vo sin 0 = 57 sin 60 = 49.363 m/s 
The x co-ordinate is given by 
xX = Xo + Vot 
= 0 + 28.500t 


The y co-ordinate is given by 
1 2 
Y = Yo + Voyt SE 


1 
= 0 + 49.363t — 5 (9.81)t? 


= 49.363t — 4.9050t? 
The position is then 


r(t) = 28.5ti + (49.3t — 4.91t?)j 
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b) RADIUS OF CURVATURE (NORMAL-TANGENTIAL) 


The radius of curvature is given by 


To use this we need an equation of y in terms of x. Is there another way? The radius of 
curvature is also included in the normal-tangential acceleration equation 
v? dv 

a= ra + at vt 
At the instant of launch we know the velocity and acceleration. The acceleration is 
57 m/s at 60° above the horizontal, so that is the direction of us. The acceleration is 
9.81 m/s? straight down. So the particle will bend down, and u, is perpendicular to u, 
down and to the right. 


Breaking the acceleration up into normal and tangential components 
a = 9.81 cos 60 u, — 9.81 sin 60 u; 


Equating the u, components we have 


v? 
— = 9.81 cos 60 
p 
572 
— = 9.81 cos 60 
p 
p = 662.38 m 
p > 662m 
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c) POLAR CO-ORDINATES 


By symmetry, we know that the velocity components of the cannonball as it crosses the 
x-axis will be the same size as they were at launch from the origin on the x-axis, except 
going down instead of up, so we have 


v = 28.500i — 49.363j m/s 


We draw the polar axes 


Ei 


We 


We can see that 
u, =I 
Ug = J 
So in polar co-ordinates we have 
v = 28.500u, — 49.363 ug 
=~ 28.5 u, — 49.3 ug 


ALTERNATE METHOD 
You can also use 
y=0 


in the equations of motion to find the time of impact, then plug that into the equations 
found earlier for the velocity components. 
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d PROJECTILE MOTION 


The particle will hit the slope when it satisfies the equation for the slope. The slope is 
45° under the horizontal so we know 


tan 45 = ms 
x 


y = —x tan 45 
y = -x 
We already have expressions for x and y. Plugging those in 
49.363t — 4.9050t? = —28.5t 
4.9050t? — 77.863t = 0 
Divide by t (t = 0 is the trivial solution of being on the slope at launch) 
4.9050t — 77.863 = 0 
t = 15.874 s 
t x 15.9 s 


at 
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2015 (Winter) 
Qla 


a) EQUATIONS OF MOTION (integration) 
We are given the acceleration 


1 
a= 175-5 
and asked to find the velocity at a later time, so we use 
dv 
oat 
dv 1 
TEE 
v*dv = 175dt 


2015 (Winter) Qla 


We integrate from the starting t = 0 s to the current time t. We are told the velocity 
starts at vọ = 30 and goes up to the current speed v. We calculate with variable t 
instead of putting in t = 4 right away because there are more parts later in the question 


and it might come in useful (always do this!) 


v t 
Í v? dv al 175 dt 
30 0 


v 


1 
Fa = [175¢]§ 
3 30 


3 


1 
v = (525t + 27000)3 


So at t = 4 s we have 
1 
v = (525(4) + 27000)3 
= 30.758 
v = 30.8 m/s 


1,1 
er e SEN = [175t — 175(0)] 
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b) continues from a) 


At what time is v = 50 m/s? We use the formula 
1 
v = (525t + 27000)3 


50 = (525t + 27000)3 
50% = 525t + 27000 
t = 186.67 s 
t x 187s 


2015 (Winter) Qla 
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Q1b 
a) EQUATIONS OF MOTION (integration) 


First we find the position at t = 2 s. 


We are given velocities in terms of t so we must integrate 


8 dx 
Vy = ae 
dx = v,dt 


We integrate from t = 0 up to t. x starts at 5 and moves to the current position x 


x t 
Í dx= Í (3t — 12)dt 
5 0 


1 t 
[x]z = E (5e) S 12e) 
[x — 5] = [(1.5t? — 12t) — (1.5(0)? — 12(0))] 
x= 1.5t?—12t+5 
Soatt=2s 


x = 1.5(2)? — 12(2) + 5 


=-13m 
Likewise for y 
dy 
Vy = ae 
dy = vdt 


We integrate from t = 0 up to t. y starts at 2 and moves to the current position y 


[a = [ reat 
vr hel 


[y — 2] = [3.52 — 3.5(0)2] 
y = 3.5t7 +2 
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So the new position at t = 2 s is 
y = 3.5(2)2 +2 
= 16 
And the new position is (—13, 16) 


b) ACCELERATION (differentiation) 
We are given the velocity in terms of t so we can find the acceleration by differentiating 


dv, 
ax = Te 


=“ 3t -12 
dt 
= 3 m/s? 
_ dvy 


ay = 
=" (7) 
SEH 


= 7m/s? 


So the total magnitude of acceleration is 


la| = jaz ay 
= /37+77 


= 7.6158 
la| = 7.62 m/s? 
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c) POLAR CO-ORDINATES 
At t = 0 s the velocity is given by 
Vy = 3(0) — 12 = —12 m/s 
vy = 7(0) = 0 m/s 


The velocity is entirely in the minus x direction, so the angle with the x-axis (which is the 
POSITIVE direction) is half a circle, or z radians. This can also be written as - 7 radians 


0 = +r radians 


31 
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Qic 


a) ` EQUATIONS OF MOTION (differentiation, chain rule) 
We are given expressions for the position so we can find velocity by differentiating 
x = sin(3t) 
_ ax 
Vy = X= Ae 
d 
SÉ (sin(3t)) 


= 3cos(3t) 


We must use the chain rule 


And we already have = so we can write 
= 4(3x*)(3 cos(3t)) 
= 36x’ cos(3t) 
vy = 36 sin? (3t) cos(3t) 


OPTIONAL: If you want you can then use the identity 2 sina cos a = sin(2a) to write 
Vy = 18 sin(3t) sin(6t) 


Soatt=4s 
v = 3 cos(3(4)) 
NOTE: these equations are in radians, not degrees 
Vy = 2.5316 
vy = 36 sin? (3(4)) cos(3(4)) 
= 8.7464 
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So the velocity is 


v = 2.5316i + 8.7464j m/s 


= 2.531 + 8.75j m/s 
If we were asked for the magnitude, it would be 


|v| = 2.53162 + 8.74642 = 9.1054 


= 9.11m/s 


b) ACCELERATION (differentiation) 


The acceleration is found from 


. _ Wy 


Ger 


= í 3 3 
= z 8 cos(30) 
= 3(—3 sin(3t)) 


= —9 sin(3t) 
Soatt=7s 


a, = —9 sin(3(7)) 
= —7.5300 
a, © —7.53 m/s? 


2015 (Winter) Q1c 
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Q1d 
a) NORMAL TANGENTIAL 
The particle has velocity 

v = 4i —3j m/s 


The tangential direction is the same direction as the 
velocity. 


The acceleration is 


a=2i+3j m/s 


So the normal direction will be perpendicular to the velocity on the above side, as it is 
going to accelerate (and therefore turn) up. 


So the component of the acceleration along the normal direction is 


a, = |alsing 


We have 
la| = 22 + 32 = 3.6056 
and 
3 
ð, = tan} (=) = 36.870° 
3 
6, = tan? (5) = 56.310° 
So 
dh = y + 0a 
= 36.870 + 56.310 
= 93.180° 
and we have 


an = 3.6056 sin(93.180) 
= 3.6000 m/s? 
an = 3.60 m/s? 


Will this change? There is acceleration so the velocity (and so the direction of the 
tangential and normal axes) will change, so yes the component will change even though 
the total acceleration is constant. 
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b POLAR CO-ORDINATES 


The particle is currently at (—3, 8), so we have axes 


The angles are given by 


8 
angle of u, = tan™t (=) 


$ = 69.444° above negative x axis 
= 180 — 69.444 
= 110.556° to (positive) x axis 
The ug axis is perpendicular to that, so we have 
angle of ug = 110.556 + 90 
= 200.556° 
So the unit vector is 
ug = 1 cos 200.556 i + 1 sin 200.556 j 
= —0.9363i — 0.3512j 
= —0.94i — 0.35j 


In radians 
1 
l = 200.556 x —— = 3.4986 
angle of ug x 180 


z 3.50 radians 
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c) EQUATIONS OF MOTION (constant values) 


We have constant accelerations so we can use the equations of motion 


1 2 
x= Xo Feer Gat 


= (-3) + 4(3) + am 


= 18m 


1 2 
Y = Yo + Voyt WEG 


d 
= 8 + (-3)(3) +5@)G) 


=12.5m 


and the magnitude of r is 
In] = yx? +y? 
= y 182 + 12.52 


= 21.914 
Ir| =~ 21.9m 
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Q2a 
a) NORMAL-TANGENTIAL and PROJECTILE MOTION 


The acceleration of a projectile is 
a=—gj 
= —9.81 j m/s? 


The tangential direction is the direction of the velocity. At t = 0 s this is the launch 
velocity, 30° above the ground. The normal direction is perpendicular to the tangential 
direction, towards the center of the curve. This projectile will accelerate down, so the 
normal direction is down-right. 


g is 9.81 straight down so it is at 30 to un 
Breaking the acceleration up into normal tangential co-ordinates 
a = —9.81 sin 30 ue + 9.81 cos 30 up 
os —4.91 u; + 8.50 u, m/s? 
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b POLAR CO-ORDINATES 


We are asked to find 7. We have no function for r to differentiate, so we look at the 
acceleration equation, the only other place with 7 


a = (#—1r67)u, + (rË + 276)ug 


The particle is launched at 30° above the horizontal, so u, is in that direction, and ug is 
perpendicular to that 


V 
Us we 
30° 
We see that at t = 0 s we have 
Ur = Ut 
Ug = Un 


So we already have the acceleration vector in normal tangential co-ordinates, and we 
can convert it to polar. 


a = —4.905 u; + 8.496 un 
(keeping the same number of sig figs throughout) 
= —4,905 u, + 8.496 (- ug) 
= —4.905 u, — 8.496 ug 
Equating this with 
a = (# +r? )u, + (r6 + 276)ug 
First we equate u, components 
—4.905 =# + rô? 
But at t = 0 s we are still being launched from the origin, so r = 0, and we have 
—4.905 =F 
ř = —4.905 m/s? 
= —4.91 m/s? 
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Q2b 

a) POLAR CO-ORDINATES 

The particle is moving in a circle of radius 6 m, so the radius is constant and we have 
r=6m r=0 ř=0 


At time t = 0 s the particle is located at (r, 0) = (6,2) and has a sped of 5 m/s. Since 
the particle is moving in a circle this speed is entirely in the tangential direction to the 
circle, which is the ue direction. 


v = Ou, + 5ug 
Equating this with the polar velocity equation 
v = tu, + rÖug 
= Ou, + 6ĝug 
Equating the wg components 
5 = 6 


0 = 2 rad/s 
6 
= 0.83 rad/s 
To find the x-component we draw the velocity. 
(For drawing, we review how to convert: 


180 
2 radians = 2 x ae = 114.65° 


114.65 — 90 = 24.65° to left of vertical 


The velocity is perpendicular to that, so it is 


24.65° below the horizontal 
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The x-component is therefore 
vy = —5 cos 24.65 
= —4.5444 m/s 
vy = —4.54 m/s 
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b) POLAR CO-ORDINATES 


The acceleration is given by 


a =(#-—r67)u, + (rÖ + 270)ug 


Because the particle is moving in a circle we know 


r=6m r=0 


And, also because it’s moving in a circle, we have 


v=ré 


a=ré 
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Because we have constant increase of speed we can use the equations of motion 


So at t = 3 s we have 


and 


So 


v = v + at 
= 5 EIER 
=17m/s 
v=rġ 
17 = 60 
a D 
6 
= 2.8333 rad/s 
a = rÖ 
4=6ğ 
5.4 
6 
= 0.6667 rad/s? 


a = (ř# — rð? )u, + (rË + 276)ug 


17)? 4 
IT Af 
= —48.16 u, + 4 ug m/s? 


a = —48.2 u, + 4 ug m/s? 
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Torpedo problem (integral vdv=adx) 


We are given an acceleration in terms of velocity 
a = —0.02 v 
So we use 
vdv = adx 


vdv = —0.02vdx 


e 
EES E 
—50dv = dx 


We find the final velocity by integrating 


Vfinal X final 
Í (—50)dv = Í dx 


Vinitial Xinitial 


Dr 300 
-50 | dv el dr 
40 0 


—50[v]4g = län 
—50|v, — 40] = [300 — 0] 
—50v;, + 2,000 = 300 
50v; = 1,700 


Ge = 34m/s 


1998 (Fall) 
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